Abstract. Let C be a smooth elliptic curve embedded in a smooth complex surface X such that C is a leaf of a suitable holomorphic foliation of X. We investigate complex analytic properties of a neighborhood of C under some assumptions on complex dynamical properties of the holonomy function. As an application, we give an example of (C, X) in which the line bundle [C] is formally flat along C however it does not admit a C ∞ Hermitian metric with semi-positive curvature.
Introduction
Let X be a smooth complex surface and C be a smooth elliptic curve embedded in X. Our aim is to investigate complex analytic properties of a neighborhood of C when there exists a non-singular holomorphic foliation F on a neighborhood of C of X such that C is a leaf of F . Because of a technical reason, we always assume the following two conditions: (1) there exists a neighborhood W of C and a holomorphic submersion π : W → C such that π| C is the identity map, and (2) there exists a generator γ 1 of the fundamental group π 1 (C, * ) of C such that the holonomy of F on C along γ 1 is trivial: i.e. the holonomy morphism Hol C : π 1 (C, * ) → O C,0 satisfies Hol C (γ 1 )(ξ) = ξ, Hol C (γ 2 )(ξ) = f (ξ) for (a germ of) some holomorphic function f ∈ O C,0 with f (0) = 0 and f ′ (0) = 0, where γ 1 and γ 2 are the generators of π 1 (C, * ) .
The main result in the present paper is the following:
Theorem 1.1. Let X be a smooth complex surface and C be a smooth elliptic curve embedded in X. Assume that there exists a non-singular holomorphic foliation F on a neighborhood of C of X such that C is a leaf of F and the conditions (1) and (2) above hold for some f ∈ O C,0 with f (0) = 0 and f ′ (0) = 0. Then the following holds: (i) Assume that f is a rational function and that 0 is a repelling fixed point (i.e. |f ′ (0)| > 1), an attracting fixed point (i.e. |f ′ (0)| < 1), or a Siegel fixed point of f (i.e. f ′ (0) = e 2iπθ for some irrational number θ and 0 lies in the Fatou set of f ). Then there exits a neighborhood W ′ of C and a harmonic function Φ defined on W ′ \ C such that Φ(p) = − log dist (p, C) + O(1) as p → C, where dist (p, C) is a local Euclidean distance from p to C. Especially, C admits a pseudoflat neighborhood system.
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(ii) Assume that 0 is a rationally indifferent fixed point of f (i.e. f ′ (0) = e 2iπθ for some rational number θ) and that n-th iterate f n of f is not equal to the identity map around 0 for each integer n. Then C admits a strongly pseudoconcave neighborhood system. (iii) Assume that f is a polynomial and that, for each neighborhood Ω of 0, there exists a periodic cycle {f (η), f 2 (η), . . . , f m (η) = η} of f included in Ω \ {0}. Then, for any neighborhood W ′ of C and any continuous function ψ : W ′ → (−∞, ∞] whose restriction ψ| W ′ \C is psh (plurisubharmonic), ψ is bounded from above on a neighborhood of C.
Note that there actually exist examples of (C, X) satisfying the assumptions in Theorem 1.1 for each of the statements (i), (ii), and (iii). It is because, as we will see in §2.1, we can construct a pair (C, X) which satisfies the conditions (1) and (2) for any fixed elliptic curve C and any holnomy function f ∈ O C,0 (here we also need the facts on the existence of f with 0 as a Siegel fixed point [Si] [Be, Theorem 6.6.4] , or a fixed point as in (iii) [U, §5.4] ). Theorem 1.1 (i) can be shown by concrete construction of such a harmonic function Φ, and Theorem 1.1 (ii) is obtained as a simple application of Ueda theory [U] (note that the normal bundle N C/X is topologically trivial, which follows directly from Camacho-Sad formula [CS] [Su] ). Thus, our main interest here is the case where 0 is a Cremer fixed point of f (i.e. 0 is a irrationally indifferent fixed point lying in the Julia set of f ), of which the situation of Theorem 1.1 (iii) is a special case. We will show Theorem 1.1 (iii) by the same technique as that used in the proof of [U, Theorem 2] (by constructing leafwise harmonic psh function on a neighborhood of C instead of the function whose complex Hessian has a negative eigenvalue).
Here let us explain our motivation. Our original interest is the singularity of minimal singular metrics on a topologically trivial line bundle on a surface which is defined by a smooth embedded curve. Minimal singular metrics of a line bundle L are metrics of L with the mildest singularities among singular Hermitian metrics of L whose local weights are psh. Minimal singular metrics were introduced in [DPS01, 1.4 ] as a (weak) analytic analogue of the Zariski decomposition. Let X be a surface and C be a smooth embedded curve with topologically trivial normal bundle, and denote by [C] the line bundle defined by the divisor C. Ueda classified such a pair (C, X) into the tree types: (α) when [C] is not formally flat along C, (β) when [C] is flat around C, and (γ) when [C] is formally flat along C however it is not flat around C. In [K2] , we determined a minimal singular metric of [C] when the pair (C, X) is of type (α). From the argument in the proof of [K1, Corollary 3.4] , it can be shown that [C] is semi-positive (i.e. [C] admits a C ∞ Hermitian metric with semi-positive curvature) when the pair (C, X) is of type (β). Then now we are interested in the case of type (γ), especially for the example of (C, X) of type (γ) constructed in [U, §5.4] , that is a motivation of this paper (here we note that, the setting of (C, X) (iii) in Theorem 1.1 is a modest generalization of this Ueda's example).
As an application of Theorem 1.1, we show the following: 
−2 is a metric on [C] with the mildest singularities among singular Hermitian metrics h on [C] with semi-positive curvature such that |f C | h is continuous around C, where f C ∈ H 0 (X, [C] ) is a section whose zero divisor is C. Especially, there exists a pair (C, X) of type (γ) such that [C] is not semi-positive.
As an application of Corollary 1.2, we construct a family of pairs of a surface and a line bundle defined on the surface whose semi-positivity varies pathologically depending on the parameter (see Example 4.3).
The organization of the paper is as follows. In §2, we prove the existence and uniqueness (up to shrinking X) of the pair (C, X) for a fixed holonomy function f ∈ O C,0 . In §3, we prove Theorem 1.1 and Corollary 1.2. In §4, We give some examples.
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2. Construction and uniqueness of (C, X) 2.1. construction of (C, X). Let f be a holomorphic function defined on a neighborhood Ω of 0 in C such that f (0) = 0 and f ′ (0) = 0, and C = C * / ∼ λ be a smooth elliptic curve, where 0 < λ < 1 is a constant and ∼ λ is the relation on C * := C \ {0} generated by z ∼ λ λ · z. We denote by p the natural map C * → C. In this subsection, we construct a smooth complex surface X as in Theorem 1.1: i.e. the surface X which includes C as a submanifold, admits a non-singular holomorphic foliation F on a neighborhood of C of X such that C is a leaf of F , and satisfies the following two conditions (1) and (2): (1) there exists a neighborhood W of C and a holomorphic submersion π : W → C such that π| C is the identity map, and (2) the holonomy morphism Hol C :
where
First, fix a sufficiently small neighborhood U 0 of 0 in Ω such that f | U 0 is injective. Denoting by V 0 the image f (U 0 ) ⊂ C, let us consider the sets
In what follows, we regard f as an isomorphism from U 1 to V 1 . Fixing a sufficiently small positive constant ε 0 , define the constants λ 1 and λ 2 by λ 1 := 1−ε 0 , λ 2 := 1 + ε 0 . Denote by X 1 the set p({z ∈ C | λ < |z| < 1}) × U 0 , and by X 2 the set
Next, we construct X by gluing X 1 and X 2 as follows. Let us denote by X − 1 the subset p({z ∈ C | λ 1 < |z| < 1})×U 1 of X 1 , and by X − 2 the subset p({z ∈ C | λ 1 < |z| < 1})×U 1 of X 2 . We glue them up by the isomorphism i
the subset p({z ∈ C | 1 < |z| < λ 2 }) × U 1 of X 2 . We glue them up by the isomorphism
. Then X 1 and X 2 glue up to each other by the morphisms i + and i − above to define a smooth complex surface, by which we define X.
Finally, we will check that this X satisfies the conditions above. Note that the first projections X 1 → p({z ∈ C | λ < |z| < 1}) and X 2 → p({z ∈ C | λ 1 < |z| < λ 2 }) glue up to each other to define a entire map π : X → C. As this morphism π is a holomorphic submersion, we can check the condition (1) (the condition on π| C can be easily checked by the following construction of the submanifold C ⊂ X. Note also that, in this construction, W ′ can be taken as X itself). Next, we will define a foliation F on X. Let F 1 be the foliation on X 1 whose leaves are {{(p(z), ξ) ∈ X 1 | ξ = c}} c∈U 0 , and F 2 be the foliation on X 2 whose leaves are {{(p(z), ξ) ∈ X 2 | ξ = c}} c∈U 1 . These two foliations glue up to each other by the morphisms i + and i − above to define the foliation on X, which we denote by F . As f (0) = 0, the leaves {(p(z), ξ) ∈ X 1 | ξ = 0} and {(p(z), ξ) ∈ X 2 | ξ = 0} glue up to define a compact connected leaf of F , which is naturally isomorphic to C. We regard this compact leaf as a submanifold C ⊂ X. From this construction, one can easily check the condition (2).
2.2. uniqueness of (C, X). Here we will show the following:
Proposition 2.1. Let f be an element of O C,0 such that f (0) = 0 and f ′ (0) = 0 and C be a smooth elliptic curve. Let X ′ be a surface as in Theorem 1.1: i.e. X ′ includes C as a submanifold, admits a non-singular holomorphic foliation F ′ on a neighborhood of C of X ′ such that C is a leaf of F ′ , and satisfies the following two conditions (1) and (2): (1) there exists a neighborhood W ′ of C and a holomorphic submersion π ′ : W ′ → C such that π ′ | C is the identity map, and (2) the holonomy morphism Hol
where γ 1 and γ 2 are those in §2.1. Then, by shrinking U 0 in §2.1 if necessary, there exists an holomorphic map j : X → W ′ such that j is an isomorphism to the image of j, j(C) = C ⊂ X ′ , j preserves the foliation structures, and that π ′ • j = π holds, where (X, π, F ) are those in §2.1.
Proof. By shrinking X ′ , we may assume that W ′ = X ′ . Denote by p the point p((1 + λ 2 )/2) ∈ C, and fix an embedding π ′−1 (p) → C (by shrinking W ′ if necessary). We also may assume that U 0 is small enough so that we can regard it as a subset of π ′−1 (p):
) → C be the leafwise constant holomorphic extension of the inclusion π ′−1 (p) → C, and h 2 : π ′−1 (p({λ 1 < |z| < λ 2 })) → C be the leafwise constant holomorphic extension of the inclusion π ′−1 (p) → C (note that the condition on the holonomy along γ 1 is needed for the existence of h 1 and h 2 ). Letting X
As these maps are holomorphic and bijective, and as π ′ is submersion, we can conclude that both of these two maps are isomorphisms. By using the condition on the holonomy along γ 2 , we can easily show that the subset X
′ is isomorphic to X and the proposition holds.
Proof
Proof of Theorem 1.1. Let f ∈ O C,0 be an element such that f (0) = 0 and τ := f ′ (0) = 0. From Proposition 2.1, It is sufficient to show Theorem 1.1 for (C, X, F , π) we constructed in §2.1.
Proof of Theorem 1.1 (i). Assume that 0 is a repelling fixed point, an attracting fixed point, or a Siegel fixed point of f . According to [Be, Theorem 6.3.2, 6.6 .2] and the comment near the proof of [Be, Theorem 6.4 .1], there exists an element h ∈ O C,0 such that h(0) = 0, h ′ (0) = 1, and f (h(ξ)) = h(τ · ξ) holds. Thus, without loss of generality, we may assume that f is linear: f (ξ) = τ · ξ.
First we define a function Φ on X as follows: Define the function Φ 1 on X 1 by Φ 1 (p(z), ξ) := log |ξ| + a · log |z|, where a := − log |τ | log λ and z is a complex number such that λ < |z| < 1 and ξ ∈ U 0 . Also define the function Φ 2 on X 2 by Φ 2 (p(z), ξ) := log |ξ| + a · log |z| for each z such that λ 1 < |z| < λ 2 and ξ ∈ U 1 . It is clear that (i − )
also can be shown by the calculation as follows: for each z such that 1 < |z| < λ 2 ,
Now we showed that the functions Φ 1 and Φ 2 glue up to define a function, by which we define the function Φ. Clealy Φ is harmonic with Φ(p) = − log dist (p, C) + O(1) as p → C, which shows Theorem 1.1 (i).
Proof of Theorem 1.1 (ii). Assume that f is non-linear and that 0 is a rationally indifferent fixed point of f . Then we may assume that f has the expansion f (ξ) = τ · ξ + A · ξ n+1 + O(ξ n+2 ) for some integer n (A = 0). Let us consider the cohomology class
If u n = 0 holds, then there exists a 0-cochain
holds. Without loss of generality, we may assume that both h 1 and h 2 are constant functions (It is because, if τ n = 1, then we can use the constant functions
, then the holomorphic functions exp(2iπτ A −1 · h 1 ) and exp(2iπτ A −1 · h 2 ) glue up to define a entire non-vanishing holomorphic function on C, which shows that h 1 and h 2 are constants). Note that one can deduce directly from the above that the constant h 1 satisfies
holds. Thus, by using new coordinate ξ ′ := h(ξ) instead of ξ, we can expand f as
, and thus we can define the cohomology class u n+1 just as in the same manner. Note that these u n defined as above is equal to the trivial element 0 ∈ H 1 (C, N −n C/X ) if and only if the obstruction class u n (C, X) is trivial (it is clear from the definition of the obstruction class u n (C, X), see [U, §2.1], see also [K2, §3] ).
Assume that u n = 0 holds for some integer n. In this case, as the pair (C, X) is of type (α) in the classification by Ueda [U, §5] , we can apply [U, Theorem 1] and its corollary, which proves Theorem 1.1 (ii).
Therefore all we have to do is to show that there actually exists an integer n such that u n = 0 holds. Assume that u n = 0 for all n. Let m ≥ 1 be an integer such that τ m = 1. Then, from the assumption, f m can be expanded as below:
where A in a non-zero constant. Since u 1 = u 2 = . . . , u n = 0, we can choose a suitable polynomial
be the expansion of the inverse function h −1 of h around 0. Then we can calculate that
and also that
which leads the contradiction.
Proof of Theorem 1.1 (iii). Assume that f is a polynomial of degree d and that, for each neighborhood Ω of 0, there exists a periodic cycle of f included in Ω \ {0}. Let g be the Green function of the filled Julia set K(f ). Note that g| K(f ) ≡ 0, f * g = d · g, and that g| I(f ) is a harmonic function valued in R >0 , where I(f ) := C \ K(f ) = {ξ ∈ C | f n (ξ) → ∞ as n → ∞}. Note also that g is Hölder continuous (see [CG, §VIII, Theorem 3.2 
]).
Lemma 3.1. The point 0 lies in the boundary of the set {ξ ∈ C | g(ξ) = 0}.
Proof. As the total number of non-repelling cycles of f is finite (see [CG, §III Theorem 2.7] ) and every repelling cycle of f lies in J(f ) (see [Be, Theorem 6.4 .1]), we can conclude from the assumption that 0 ∈ J(f ). Thus the lemma follows from the fact that J(f ) coincides with the boundary ∂K(f ) of K(f ) (see [CG, §III.4 
Let W ′ be a neighborhood of C and ψ : W ′ → (−∞, ∞] be a continuous function whose restriction ψ| W ′ \C is psh. By shrinking W ′ , we may assume that ψ is bounded from above on a neighborhood of ∂W ′ . Assuming that ψ is not bounded from above, we will derive a contradiction. By shrinking U 0 in §2.1 if necessary, we will assume that W ′ = X. First we construct the function G on X as follows: Setting a :=
for z such that λ < |z| < 1 and ξ ∈ U 0 . Similarly, define the function G 2 on X 2 by
holds, since
holds for each for each z such that 1 < |z| < λ 2 . Thus G 1 and G 2 glue up to define a function on X, by which we define G. By shrinking U 0 if necessary, we may assume that G < 1 holds on X. We also assume that ψ < 0 holds on a neighborhood of the boundary ∂X of X by replacing ψ with ψ − M for sufficiently large real number M if necessary. Then the following lemma holds:
Lemma 3.2. There exists a connected leaf L of F such that L ∩ ∂X = ∅ and there exists a interior point p ∈ L such that p attains the maximum value B of the function
Moreover, B is a positive real number.
Proof. Consider the function
which is a upper semi-continuous extension of H. Then, as the function ψ is locally bounded from above on X \ C, it is clear that H * (q) = 0 holds for each point q ∈ {G = 0} \ C. From the assumption, there exists a point p 0 ∈ C such that ψ(p 0 ) = ∞ holds. Fix a sufficiently small neighborhood U 2 of p 0 in π −1 (π(p 0 )) such that ψ| U 2 > 0 and regard it as a subset of U 1 (⊂ U 0 ) (here the continuity assumption for ψ is needed). From the assumption and the fact that the total number of non-repelling cycles of f is finite ([CG, §III Theorem 2.7]), there exists a repelling cycle {f (η), f 2 (η), . . . , f m (η) = η} ⊂ U 2 \ {0}. Fix a sequence {η n } n≥0 ⊂ U 1 \K(f ) such that f (η n+1 ) = η n and the set of all accumulation points of {η n } n coincides with the cycle {f n (η)} n (see Lemma 3.3 for the existence of such a sequence). Clearly there is a connected leaf L of F such that, for sufficiently large n,
Since the function ψ| L is negative around L ∩ ∂X and H * (f n (η)) = 0 holds for each n, the set {q ∈ L | H * (q) > 0} is relatively compact subset of L (note that, as ψ| U 2 > 0 holds, the set {q ∈ L | H * (q) > 0} is not empty). Thus it follows from the upper semi-continuity of the function H * | L that there exists a point p ∈ {q ∈ L | H * (q) > 0} which attains the maximum B > 0 of the function H * | L .
Lemma 3.3. Let η ∈ J(f ) ∩ U 1 be a point included in a repelling cycle of f . Then there exists a sequence {η n } n≥0 ⊂ U 1 \ K(f ) such that f (η n+1 ) = η n and the set of all accumulation points of {η n } n coincides with the cycle {f n (η)} n .
Proof. Let m be the minimum positive integer which satisfies f m (η) = η. Then η is a repelling fixed point of the polynomial f m : C → C. Thus, by choosing suitable coordinate ξ ′ of C such that ξ ′ (η) = 0, we may assume that f (ξ ′ ) = τ η · ξ ′ for some complex number τ η such that |τ η | > 1 (see the comment near the proof of [Be, Theorem 6.4 .1]). Fix a point ξ 0 ∈ U 1 \ K(f ) which is sufficiently close to the point η and define the points η j·m by
For each integers j ≥ 1 and n ∈ {0, 1, . . . , m − 1}, set η m·j−n := f n (η m·j ). Then one can easily check the equation f (η n+1 ) = η n .
Let ξ 1 be an accumulation point of the sequence {η n }. Then there exits a subsequence {n k } k ⊂ Z ≥0 such that lim k→∞ η n k = ξ 1 holds. Fix an integer ℓ ∈ {0, 1, . . . , m − 1} such that the sub sequence {k j } j := {k | n k ≡ −ℓ mod m} is infinite. Letting n k j = ν j · m − ℓ, we can calculate
which shows the lemma.
End of proof of Theorem 1.1 (iii). Let L, p, B be those in Lemma 3.2. As B is the maximum of the function
As the function ψ is psh and the function (log G)| L is harmonic, we can conclude that (ψ + B · log G)| L is a subharmonic function on L. Since ψ(p) + B · log G(p) = 0 holds and p is an interior point of L, one can use maximum principle to show that (ψ +B ·log G)| L ≡ 0 holds. Thus
holds, which leads the contradiction since ψ| L < 0 holds around L∩∂X and −B ·log G > 0 holds on every point of X.
Remark 3.4. Here we give another (simplified) proof of Theorem 1.1 (iii), which was taught by Professor Tetsuo Ueda.
Let ψ be a psh function defined on
′ and Y ⊂ W . Set M := sup ∂Y ψ and fix a compact leaf Γ of F such that Γ ∩ π −1 (p(1)) ⊂ U 1 is a repelling cycle of f . Let L be a leaf of F which accumulates to Γ (this L can be constructed in the same manner as in the above proof of Theorem 1.1 (iii)). Fix a holomorphic map g : {z ∈ C | 0 < |z| ≤ R} → L for some R > 0 which is an isomorphism to the image such that g({|z| = R}) ⊂ Y and g(z) → Γ as z → 0. As the function ψ • g is a psh function defined on {z ∈ C | 0 < |z| < R} bounded from above, we can extend it and can regard it as a psh function defined on {z ∈ C | |z| < R}. Thus we can use maximum principle to conclude that ψ(g(z)) ≤ M holds for each z such that |z| < R Therefor we obtain the inequality ψ| L∩Y ≤ M. From the assumption, such a leaf Γ exists in any neighborhood of C in X. Thus we can conclude from the above inequality that lim inf q→p ψ(q) ≤ M holds for each pint p ∈ C, which shows Theorem 1.1 (iii).
Proof of Corollary 1.2.
Proof of Corollary 1.2 (i). In this case, 0 is a Siegel fixed point of f and thus there exists a function Φ as in the proof of Theorem 1.1 (i). By using this function Φ, we can conclude that there exists a flat metric on [C] | W for some neighborhood W of C, which clearly has semi-positive curvature. By using this flat metric, we can construct a smooth Hermitian metric on [C] with semi-positive curvature from the same arguments as in the proof of [K1, Corollary 3.4].
Example 4.3. Let C be a smooth elliptic curve. Here we construct an holomorphic submersion X → Ω from a smooth complex manifold X of dimension three to a neighborhood Ω of U(1) := {τ ∈ C | |τ | = 1} in C which satisfies the following conditions: (a) there exists a submanifold C of X of dimension two such that the restriction C → Ω is a proper submersion and each fiber of this restricted map is isomorphic to C, (b) [ C] | Xτ is semi-positive for each τ ∈ Ω \ U(1), where X τ is the fiber of τ , (c) [ C] | Xτ is also semipositive for almost all τ ∈ U(1) in the sense of Lebesgue measure, and (d) there exist uncountably many elements τ ∈ U(1) such that [ C] | Xτ is not semi-positive.
Fix a sufficiently small open neighborhood Ω of U(1) in C * and consider the function F : C × Ω → C × Ω defined by F (ξ, τ ) := (τ · ξ + ξ 2 , τ ). Fix also a sufficiently small neighborhood U 0 of {0} × U(1) in C × Ω such that f | U 0 is locally isomorphic (note that the Jacobian determinant of F at (0, τ ) is τ , which is a non-zero constant for each τ ∈ Ω). We may assume that U 0 = U 0 ×Ω holds for some neighborhood U 0 ⊂ C of 0. By shrinking U 0 , we may assume that F | U 0 is injective and thus it is an isomorphism to the image of it. Denoting by V 0 the image F ( U 0 ) ⊂ C × Ω, let us consider the sets V 1 := U 0 ∩ V 0 and
. In what follows, we regard F as an isomorphism from U 1 to V 1 . Let p, λ, λ 1 , λ 2 be those in §2.1. Denote by X 1 the set p({z ∈ C | λ < |z| < 1}) × U 0 , and by X 2 the set p({z ∈ C | λ 1 < |z| < λ 2 }) × U 1 . We define a complex manifold X by gluing up X 1 and X 2 in the same manner as in §2.1 by using the function F . Denote by C the submanifold defined by C × ({0} × Ω) ⊂ X (here we are regarding {0} × Ω as a subset of U 0 and U 1 ). The second projection U 0 → Ω (and the restriction U 1 → Ω of this map) induces the submersion X → Ω. Clearly the fiber X τ and the submanifold C ∩ X τ ⊂ X τ satisfies the conditions (1) and (2) with the holonomy function f (ξ) = τ · ξ + ξ 2 . Now we can easily check the conditions (a), (b), (c), and (d) by applying Corollary 1.2 (here we also used [Be, Theorem 6.6.5] and the fact that there exists uncountably many elements τ ∈ U(1) which satisfies the condition as in Corollary 1.2 [C, p. 155] , see also [U, §5.4] ).
